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Physics-informed machine learning
Between numerics and machine learning
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Numerical Methods

(FDM, FEM, etc.)

Machine Learning

(DL, Big Data, etc.)

Physics-informed 

machine learning

Discretize physical laws to 

compute solution.

Learn solution from existing data 

by training a neural network.

Learn solution from physical laws 

by training a neural network.

Different ways to simulate a physical system:

Images: Fraunhofer IISB

• Physically motivated modeling.

• Often computationally expensive.

• Requires large amount of high-

quality data.

• Trained models are usually very fast 

to evaluate.

• Physically motivated modeling 

requiring no/few data.

• Fast to evaluate models.

More details: M. Raissi, P. Perdikaris, G.E. Karniadakis: Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differential equations. J. Comput. Phys. 378, 686-707 (2019). 
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Physics-informed neural operator
An example
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• Consider the Laplace equation on a circular domain:

Δ𝑢 𝑥, 𝑦 = 0,  on 𝑆1,

𝑢 𝑥, 𝑦 = 𝑔 𝑥, 𝑦 ,  on 𝜕𝑆1.

• Aim: Approximate solution for general Dirichlet boundary conditions 𝑔(𝑥, 𝑦).

𝑥

𝑦

𝑢NN

Represent solution as neural network.

𝑔

Extension to 
„neural operator“

𝜕𝑥
2𝑢NN

𝜕𝑦
2𝑢NN

Efficient derivative 
computation.

Evaluate residual of problem on 
multiple (𝑥, 𝑦)-points and 𝑔‘s.

 𝜕𝑥
2𝑢 𝑥, 𝑦 + 𝜕𝑦

2𝑢 𝑥, 𝑦
2

 

𝑢 𝑥, 𝑦 − 𝑔(𝑥, 𝑦) 2

Loss ℒ
Compute composite loss ℒ: 

Combination of residuals and, optionally, data.
Train neural network by 

minimizing loss.
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Physics-informed neural operator
An example – Results
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➢ Predictions visualized in separate application.

• After one-time training (≈ 10 min on GPU), physics-informed neural operator can predict solutions for general 

boundary conditions very fast – typically multiple orders of magnitude faster than classical numerics.

• No data needed for training; only assess physical laws for different sample inputs.

• Typically better extrapolation compared to data-driven training.

• Similar generalization over different source terms, parameters, …
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Physics-informed machine learning
Popularity & challenges

March 4th 2026 Fraunhofer IISB  -  Dr. Christopher StraubSlide 5

• „Original“ paper on physics-informed neural networks (PINNs) 

has been published in 2019.

→ Growing popularity ever since.

• Training an accurate physics-informed machine learning 

model can be challenging:

• Choose suitable neural network architecture, size, …

• Define physical laws in suitable mathematical form and transform 

them into loss function.

• Use appropriate optimizer for challenging training.

• …

• Most PINN works focus on simple benchmark problems.

Less works in industrial applications, e.g., crystal growth.

https://doi.org/10.1016/j.jcp.2018.10.045


Public

Physics-informed neural network for 1D coupled heat transport
Problem formulation
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• 1D problem, coupling of heat conduction and radiation:

•

𝑇 𝑥𝐿 = 𝑇𝐿,  𝑇 𝑥𝑅 = 𝑇𝑅,

∇ 𝐷 𝑥  ∇T 𝑥 = 0,  where 𝐷 𝑥 = ቊ
𝐷gas, 𝑥 ∈ Gas

𝐷solid,  𝑥 ∈ Solid
 ,

−𝐷solid ∇𝑇 𝑥1
− = 𝑞1 − 𝐷gas∇𝑇 𝑥1

+ ,  −𝐷solid∇𝑇 𝑥2
+ = 𝑞2 − 𝐷gas∇𝑇 𝑥2

− ,

𝑞1 = −𝑞2 = 𝜎 𝜖eff (𝑇4 𝑥1 − 𝑇4 𝑥2 ).

• Solution can be computed explicitly by piecewise linear ansatz.

Gas

𝑇1 𝑇2

𝑇𝑅𝑇𝐿 Solid Solid
𝑞1 𝑞2

Heat conduction 
(different thermal 

conductivities)

Radiation

Heat flux 
continuity

Dirichlet boundary 
condition
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Physics-informed neural network for 1D coupled heat transport
PINN Results 
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• Training a PINN for this system.

• Considering high temperature regime:

𝑇𝐿 = 1420 K,  𝑇𝑅 = 740 K.

➢ PINN accurately approximates the reference solution.

→ Temperature errors at interfaces ≈ 0.01%.

➢ Straight-forward to extend to neural operator that 

generalizes over boundary temperatures.

𝑥 𝑇(𝑥)

Gas

𝑇1 𝑇2

𝑇𝑅𝑇𝐿 Solid Solid
𝑞1 𝑞2
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Physics-informed neural network for coupled heat transport
2D problem
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• 2D problem, coupling of heat conduction and radiation:

• Heat conduction with different thermal conductivities.

• Dirichlet boundary condition at outer edges.

• Heat flux continuity at all material interfaces,

given by Neumann boundary conditions.

• More complex heat radiation, based on line-of-sight analysis and integral equation for net heat flux 𝑞:

𝑞 𝑥 = න

𝑦∈Boundary
𝑥 sees 𝑦

(1 − 𝜖) 𝑞 𝑦 + 𝜎𝜖(𝑇4 𝑥 − 𝑇4 𝑦  𝐹 𝑥, 𝑦  dy

Solid

Solid

Gas

Radiation

View factor,
constrains interaction of x and y
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Physics-informed neural network for coupled heat transport
2D problem – View factors
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➢ Implemented view factor calculation for general 2D geometries via raytracing. 

➢ Different regions can be set to blocks rays (here, solids).
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Physics-informed neural network for coupled heat transport
PINN for 2D problem
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• Train a physics-informed neural network for this.

• Transform all physical laws into loss functions and combine to composite loss function.

• Assess physical laws on ≈ 10 000 points within different parts of domain. 

Also compute normal vectors for flux calculation.

• Compute radiation boundary condition by sum-discretization of integral.

𝑥1

𝑥2

𝑇(𝑥)

pde0 = -k0 * jnn.laplacian(u_solid0, [x0, y0])

pde1 = -k1 * jnn.laplacian(u_solid1, [x1, y1])

pde_gas = -kg * jnn.laplacian(u_gas, [x, y])

u_bnd1 = u(xbl, ybl) - C # left

u_bnd0 = u(xbr, ybr)- A # right

u_bnd2 = u(xbt, ybt) - ((C / 2) * (2 - xbt) + A * (xbt / 2)) # top

u_bnd3 = u(xbb, ybb) - ((C / 2) * (2 - xbb) + A * (xbb / 2)) # bottom

bc_rad0 = -k0 * (jnn.grad(u_b0, xb0) * nxb0[:, 0] + jnn.grad(u_b0, yb0) * nyb0[:, 0]) - (eps * sigma * (u_b0**4 - F00 @ u_b0**4 - F01 @ u_b1**4))[:, 0]

bc_rad1 = -k1 * (jnn.grad(u_b1, xb1) * -nxb1[:, 0] + jnn.grad(u_b1, yb1) * -nyb1[:, 0]) - (eps * sigma * (u_b1**4 - F10 @ u_b0**4 - F11 @ u_b1**4))[:, 0]

𝑥1

𝑥2

𝑇(𝑥)
Boundary 

temperatures
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Physics-informed neural network for coupled heat transport
PINN results for 2D problem
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T=20 T=10

• Convergence of loss during training.

• Preliminary results!

• Radiation influence clearly visible.

• However: no reference solution to compare to (yet), more realistic 

temperature and parameter values required, no generalization yet…
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Physics-informed machine learning for crystal growth
Conclusion and Outlook
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• Physics-informed machine learning offers new way to simulate physical systems.

• After one-time data-free training, obtain fast-to-evaluate model that generalizes over relevant parameters.

• Physics-informed machine learning can be applied to equations/problems typical to crystal growth.

Future directions:

➢ Increase model fidelity (include heaters, 3D, …).

➢ More generalizability.

➢ Integration into optimization and inverse problems → opportunity for significant speed-ups.
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